This paper presents exact analytic conditions for absolute instability in the cyclotron resonance maser for the case of a cold beam, lossless circular waveguide, and infinite interaction length in the axial direction. The conditions are expressed in terms of the parallel beam velocity, the applied magnetic field strength, and the strength of the coupling between the beam and waveguide modes. The results are applicable to both the gyrotron and cyclotron autoresonance maser operating regimes.
INTRODUCTION
The cyclotron resonance maser (CRM) employs the electron cyclotron maser instability to generate high-power radiation in the centimeter to submillimeter wavelength regimes. 1 -7 The two principle operating regimes of the CRM are that in which Vph > C and that in which Vph ~ c. Here Vph is the phase velocity of electromagnetic radiation in the direction of the applied magnetic field. If VPh > c, then the device is referred to as a gyrotron, whereas a device for which Vph : c is called a cyclotron autoresonance maser (CARM). The CARM is an alternative form of free electron laser for radiation in the millimeter and submillimeter wavelength regimes. CARM oscillators and amplifiers are presently attracting attention as a promising source of high-power, millimeter-wavelength radiation for electron cyclotron resonant heating (ECRH) of fusion plasmas. The large Doppler upshift and efficiency of the CARM interaction allows the generation of high powers at the high frequencies (280-560 GHZ) required for ECRH on the next generation of tokamaks. One of the key issues which remains, and is in part addressed by this paper, is the generation of unwanted secondary modes in both the gyrotron and CARM regimes. 8 , 9 In a CRM, the coupling of the electron beam mode to the waveguide mode produces instabilities which may be convective at smaller values of the beam current but which become absolute at larger values of the beam current. An instability is convective if the response of the system to a perturbation propagates away from the point of origin. An instability is absolute if the response grows in both directions about the point of origin. In the CRM, absolute instability is produced by the coupling of the beam mode to a backward traveling waveguide mode. The presence of an absolute instability can have deleterious effects. For example, an amplifier designed without accounting for the possible presence of an absolute instability might operate as an oscillator rather than an amplifier.
Absolute instability in the CRM is of greater concern than absolute instability in a free electron laser (FEL) employing a transverse wiggler field. It is not difficult to understand why this statement is true in the instance of the CARM. In the cases of both the CARM and the FEL two unstable modes are present. For the CARM, these modes correspond to the two intersections of the uncoupled waveguide-mode dispersion relation with the uncoupled beam-mode dispersion relation on a plot of w vs. k. For the FEL, the corresponding dispersion relations are the uncoupled waveguide-mode dispersion relation and the uncoupled dispersion relation for Doppler shifted plasma oscillations. We refer to these two instabilities as the downshifted instability (smaller k) and the upshifted instability (larger k). For either the CARM or the FEL, the upshifted instability is convective and is responsible for the generation of the desired radiation. The downshifted instability may be absolute. Plots of Im(w) vs. real k for both the free electron laser and the CARM show two maxima. These are the downshifted maximum and the upshifted maximum. The temporal growth rate of the upshifted instability equals the height of the upshifted maximum. The temporal growth rate of an absolute instability lies between zero and the value of the downshifted maximum. 1 0 Typically, in the case of the cold-beam free electron laser, the height of the upshifted maximum is much greater than the height of the downshifted maximum. These heights are comparable only for very low energy systems. On the other hand, in the case of the cold-beam CARM with a lossless waveguide, the height of the downshifted maximum exceeds that of the upshifted maximum.
In this paper, we derive exact, analytic conditions for absolute instability in a CRM employing a lossless circular waveguide and a cold relativistic electron beam. The conditions are presented in Sec. 2 in terms of three parameters. These are E (the coupling constant), 81 (the longitudinal electron velocity), and sb = sQ~/w,, where s is the waveguidemode harmonic, b is the normalized magnetic field, Q, is the cyclotron frequency, and w, is the waveguide-mode cutoff frequency. Over most of the useful range of CRM parameters, the condition for absolute instability is given in Eqs. (3)-(5). However, a different condition, given in Eqs. (3) and (9)-(11), must be applied in regions of the parameter space where #1 is small. Equation 
EXACT CONDITIONS FOR ABSOLUTE INSTABILITY
We consider a CRM configuration in which a cold, annular electron beam propagates along an axial magnetic field B 0 inside a lossless, circular waveguide of radius r. We assume a zero electron guiding-center spread, with all guiding centers located on a cylinder of radius rb about the waveguide axis. For .this configuration, the dispersion relation describing the interaction of the electron-beam mode and the TEmn waveguide mode is 4 Equation (1) is fully specified by the three parameters 1, sb, and E. Consequently, absolute instability will be represented by regions in a three-dimensional parameter space.
In the remainder of this section, we state and discuss exact conditions for the existence of absolute instability in a cold-beam CRM with a lossless waveguide. The derivation of the conditions is given in Sec. 3.
As sb approaches one from below, the CRM mode becomes absolutely unstable for all f81 and c > 0. For the case of sb < 1, the mode is absolutely unstable if
where c, is the critical coupling constant for absolute instability. Over most of the useful range of values of #11 and sb, it is given by e 11= 27/ .
The quantity I, is the wave number of the absolutely unstable mode at the onset of absolute instability. It is given by
The corresponding frequency is
However, there is a restriction on the use of Eqs. (4) and (5) for the calculation of ce.
These equations are applicable if and only if
oD~k,ai aDk C) >0.
Substituting Eqs. The corresponding frequency c' is given by
In Eq. (10), we have introduced bo, the grazing value of sb. It is given by bo = (1 -61') . (12) At grazing the uncoupled dispersion curves (cZ vs. real k) for the waveguide and beam modes are tangential.
In Often the critical current above which the system will be absolutely unstable is of interest. We see from Eq. (2) that this current is given by
where c, is given by Eqs. (4) and ( 
DERIVATION OF EXACT CONDITIONS
We briefly summarize the conditions for absolute instability as derived by Briggs and
Bers.' 1 1 1 2 The response ?k(z, t) of a one-dimensional system to a delta-function disturbance in space and time is given by
Here The conditions for a saddle point in w(k) are that
and Consequently, as e is increased to Ec, a saddle point forms on the real k-axis. An indication of this formation is the merging of two or more real roots of the dispersion relation on the real k-axis. Therefore, we investigate the merging of roots of the dispersion relation on the real k-axis with increasing e. In order to investigate this merging graphically, we rewrite the dispersion relation in Eq. (1) in the form (See Figs. 2a-2d .) It is clear from Fig. 3a that increasing c above c, causes C. , to become complex. In fact, numerical computations show that the third-order saddle point splits into two second-order saddle points in the complex k-plane, one of which is a pinch point.
On the other hand, V(k, c) is decreasing with decreasing L in Fig. 3b . Consequently, the maxima and minima lie above the inflection point. We see from the figure that increasing c above c, causes the third-order saddle point to split into two second-order saddle points, and that both lie on the real k-axis with Im(LD) =.0. Therefore, no pinch point is formed.
Consequently, Eqs. (4) and ( Numerically computed contours for the parameters of Fig. 3b (sb = 0.6 and 81 = 0.05) are shown in Fig. 5 . Fig. 5a shows that if c < E, then there are two second-order saddle points in the complex k-plane, and that the saddle point with Im(c) > 0 lies in the upper-half k-plane. Numerically, we find that this saddle point is formed by the merging of two branches whose original Laplace contour images are in the upper-half k-plane.
Consequently, this saddle point is not a pinch point. In Fig. 5b , we see that increasing e to c, causes the two saddle points to merge into a single third-order saddle point on the real k-axis with Im(.) = 0. Reference to Fig. 5c shows that a further increase in E splits this third-order saddle point into two second-order saddle points, both of which are on the real k-axis with Im(c ) = 0. Consequently, none of the saddle points shown in Fig. 5 are pinch points.
Next we determine the critical coupling constant for the case where Eq. (7) is not satisfied [i.e., the case where OD(k,C'0)/O0 < 0]. Since the inflection point in Fig. 2b does not represent the onset of absolute instability in this case, this onset must be represented by some other point on the plots in Fig. 2 where real roots of Eq. (18) merge. We have determined this point with the aid of numerical computations of the critical epsilon and of images of the L-contour in the complex k-plane. A third-order saddle point is present on the real k-axis when E has the value corresponding to the inflection point in Fig. 2d .
Increasing E above this value causes the saddle point to split into two second-order saddle points, each with Im(2) = 0. However, if c is increased sufficiently, these saddle points leave the real k-axis, and the corresponding frequencies become complex. This behavior can be understood by referring to Fig. 3b . Each of the curves above the inflection point has a minimum to the left and a maximum to the right. For sufficiently large c these extrema must lie below the inflection point. (See Figs. 2a and 2b. ) Consequently, there must be maximum values for the minima and for the maxima in Fig. 3b . As the value of e is increased above that of either of these maximum extrema, one of the two second-order saddle points leaves the real k-axis, and its corresponding CZ becomes complex. Numerical computations show that the pinch point develops as the value of E is increased above that of the maximum of the minima of the curves lying above the inflection point in Figs. 2d and 3b. Therefore, this extreme minimum represents the onset of absolute instability. The condition for a minimum in a curve in Fig. 2 Finally, we prove that as sb approaches one from below, the critical coupling term e approaches zero over the entire range of #11 in Fig. 1 . We first show that in this limit the condition in Eq. (7) or ( (4) and (5) that cE approaches zero as sb approaches one from below.
DISCUSSION AND CONCLUSIONS
We have derived exact, analytical conditions for absolute instability in a CRM having a lossless, circular waveguide. The condition for absolute instability is contained in Eqs. This paper has treated only the existence of absolute instabilities in the CRM and not their growth rates. Any system will eventually be disrupted by its fastest-growing absolutely-unstable mode if the system is operated continuously for a sufficient amount of time. However, in a pulsed system there might not be sufficient time for absolute instability to become harmful, provided that the desired convective instability grows sufficiently faster than the fastest growing absolute instability. Consequently, determining whether absolute instability will be harmful requires a detailed analysis of growth rates. Finally, we point out that the wavelengths of the absolutely unstable modes should be studied, because the interaction lengths in the experimental devices are finite. Because this analysis has assumed an infinite system in the longitudinal direction, the conditions derived here should be considered as necessary but not sufficient conditions for absolute instability in a device of finite length.
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